Unit D3 
Series 


Introduction 


In this unit you will study infinite series. Informally, an infinite series is 
the sum of infinitely many numbers such as 


Py eos 
2 4 8 16 f 


Although in everyday language the words ‘sequence’ and ‘series’ are often 
used interchangeably, in mathematics they represent distinct, but related, 
concepts. 


As with sequences, an infinite series may converge or diverge. The unit 
begins with a formal definition of a convergent infinite series, illustrated 
with several examples. You will then learn how to use various tests to 
determine whether or not a series converges. 


Because the study of series involves studying related sequences, this unit 
depends heavily on the ideas and results of Unit D2 Sequences; therefore, 
before studying this unit you should make sure that you understand 
Unit D2, Sections 1, 2 and 3, and that you are familiar with Sections 4 
and 5. 


When working with series, we often need to determine whether a related 
sequence converges and, if it does, find the value of its limit. In this unit 
we do not always give as much detail in such calculations as we did in 
Unit D2. As is the case throughout this module, the amount of detail 
given in solutions to the exercises and worked exercises indicates the 
amount you should give in your own solutions. 


1 Introducing series 


In this section you will see how a convergent infinite series can be defined 
formally in terms of convergent sequences. You will meet several examples 
of such series and discover various properties that all convergent series 
have in common. 


1.1 What is a convergent series? 


We begin by considering a paradox of Zeno. 


The Ancient Greek philosopher and mathematician Zeno lived and 
worked in Elea in southern Italy during the 5th century BCE. Zeno 
proposed a number of paradoxes of the infinite, which have intrigued 
succeeding generations. His paradoxes include ‘The Flying Arrow’ and 
‘Achilles and the Tortoise’. 


In one of his paradoxes, Zeno claimed that it is impossible for an object to 
travel a given distance, since it must first travel half the distance, then half 
of the remaining distance, then half of what remains, and so on. There 
must always remain some distance left to travel, so the journey cannot be 
completed. 
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This paradox relies partly on the intuitive feeling that it is impossible to 
add up an infinite number of positive quantities and obtain a finite answer. 
However, the illustration of the paradox in Figure 1 suggests that, in this 
case, a finite answer is certainly plausible. 


í i ga 
2 4 8 16 
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Figure 1 The distances in Zeno’s paradox 


The distance from 0 to 1 can be split up into the infinite sequence of 


distances $, 7 $, ..., each distance being half of the preceding one, so it 
seems reasonable to write 

oe ee ee 

2 4 8 16 l 


We now give a justification for this statement. Let sn be the sum of the 
first n terms on the left-hand side. We call this the nth partial sum. Then 
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The sequence diagram for the sequence (sn) of partial sums is shown in 


Figure 2. 


To obtain the nth partial sum, we use the formula for the sum of a finite 
geometric series. Here is a reminder of the formula. 


Sum of a finite geometric series 


The geometric series with first term a, common ratio r # 1 and 
n terms has the sum 


a+ar+-- +ar™! = 


By applying this formula in the case that a = r = 2, 


Sn = 


a(l — r”) 
l=p 


we obtain 


1 
2 
=} 
) 


ebro (A) 
i. al 
3 (1-(5)") 


=1-()". 


n . . 
The sequence (3 ) is a basic null sequence, so 


1 


lim s„=1-— lim (4)”=1. 
n—> Co n—> o0 


2 


It is this precise mathematical statement that Sn — 1 as n + oo which 
justifies our informal statement earlier that 


ea eh =] 
2 4 8 16 o 


We now use this approach to define a convergent infinite series. 


Definitions 

Let (an) be a sequence. Then the expression 
Gi r G9 ar Egas 

is an infinite series, or simply a series. 

We call an the nth term of the series and 


Sp = Ui 1 AQT +++ ar Cp 
the nth partial sum of the series. 


The series is convergent with sum s (or converges to s) if its 
sequence (sn) of partial sums converges to s. In this case, we write 


Gi, 4 © =F Gp 4p coe = G 


The series diverges, or is divergent, if the sequence (sn) diverges. 


Notice that the sum of a convergent infinite series is the limit of the 


sequence of its partial sums. Thus we can prove results about a series by 


applying known results about sequences to its partial sums (sn). 


Remarks 


1. When you have a series aj + a2+--- , it is important to distinguish 
between the sequence of terms 


(an) = a1, a2, @3,.-. 
and the sequence of partial sums 


(Sn) = a1, a1 + a2, a1 + a2 + a3,.... 


It may help you remember the difference if you think of sn as the sum 
of the series up to and including the nth term (s standing for ‘sum’), 


and an as the amount that is added to the series by the nth term 
(a standing for ‘added’). 


It may also be helpful to think of the series as a ‘snake’ which 


e has length sn on its nth birthday, and 
e grows by the length a, in its nth year. 
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This is illustrated in Figure 3. 


ay 


Year 1 PAT RRR RARER oe 


Year 2 


Year 3 


Figure 3 The sequences (s,,) and (an) 


This picture has its limitations, however; for example, it assumes that 
the snake lives forever. Also the terms an need not be positive, so the 
snake may shrink or even have negative length! 

2. Sometimes the first term in a series may not be a1; for example, it 
might instead be ao or ag. However, when a series begins with a term 
other than a1, we still calculate the nth partial sum sn by adding all the 
terms up to and including an. 


For example, if the first term of a series is ag, then the nth partial sum is 
Sn = Q0 + ay +++: + Gn. 


Hence, in the case of a series starting with ao, there is a Oth partial sum 
so = do, and the nth partial sum is the sum of n + 1 terms. 


3. Note that changing, deleting or adding a finite number of terms does 


not affect the convergence of a series, but may affect its sum. For 


example, the series 
(ee revere ees eee aoe 
2 4 8 


is convergent with sum 1+2+3+4+4+5+4+1=16. 


Worked Exercise D28 


For each of the following series, calculate the nth partial sum and 
determine whether the series is convergent or divergent. 


(a) titit WIA +)? 4+.) © 244484-- 


The next worked exercise shows that infinite series need to be manipulated 
with care. 


Worked Exercise D29 


Explain why the following proof is incorrect. 


Claim (incorrect!) 
24+44+84---=-2. 

Proof (incorrect!) Let 
2+4+8+ =s. 

Multiplying through by = gives 
1+24+4+84+---=$s, 


which can be written as 


l+s=3s. 


So 38 = —1 and hence 


s=-2. 
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We can avoid reaching absurd conclusions such as that in Worked 
Exercise D29 by performing arithmetic operations only with infinite series 
which we know to be convergent. It is therefore very important to be able 
to check whether or not a given series is convergent. You will meet many 
ways of doing this for different types of series in this unit. 


Sigma notation 


First, however, we show how to use sigma notation as a convenient way to 
represent infinite series. 


From your previous studies you will be familiar with the use of sigma 
notation as a shorthand way of writing finite sums. For example, instead 
of aj +a2+---+ aio, we can write 


10 
S an, 
n=1 


where the symbol ` is the Greek upper-case letter sigma (standing for 
‘sum’) and the subscript n takes all integer values from 1 to 10 inclusive. 


This notation can readily be adapted to represent infinite series. Instead of 
a, + a2 + a3 +--+, we write 


lo) 
X an, 
n=1 


which is read as ‘sigma, n = 1 to infinity, an’, or ‘the sum from n = 1 to 
infinity of an’. For example, 


co 


Se 
no 2 3 l 


n=1 


Remarks 


1. An alternative layout for sigma notation is }>°°_, an. We sometimes use 
the simpler notation )> an to denote a general infinite series with 
terms Ay. 

2. Note that there is no term as in the series i an. The symbol oo is 
here used to mean that the subscript n takes every integer value greater 
than or equal to 1. 

3. When using sigma notation to represent the nth partial sum s,, of a 
series, we use another letter for the subscript of the terms to avoid n 
having two different meanings in the same expression; we may write 


n 
Sn = Q1 + a2 +: + an = > ak. 
k=1 


For example, we write 


The letters i, j, k,l, m,n, p and q are commonly used for subscript 
variables. 


4. If a series begins with a term other than a1, then we adapt the notation 
appropriately; for instance, 


co co 
J An = a0 + a1 +a2 +: or ) Aan =az+ag+a5t+:::. 
n=0 n=3 

For example, we write 


OO 
Sor altrtr te. 


n=0 


Exercise D41 


For each of the following series, calculate the nth partial sum sp and 
determine whether the series is convergent or divergent. If it is convergent, 
find its sum. 


(a) Y wa SED" @) SOG)" 
n=1 n=1 n=0 
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The series considered so far in this section are all geometric series. In 
general, the (infinite) geometric series with first term a and common 
ratio r is 


[0,6] 

yar =atar+ar?+---. 

n=0 
Note that it is conventional to regard the term ar” as the nth term of a 
geometric series, which means that the summation goes from n = 0 to oo. 
(We did not adopt this convention for some of the geometric series you 
have met so far, but we will do so from now on.) 


The following theorem enables us to decide whether any given geometric 
series is convergent or divergent. 


Theorem D24 Geometric series 


(oe) 
a 
(a) If |r| <1, then Se ar” is convergent, with sum Ta 


n=0 


(b) If |r| > 1 and a 40, then Ne ar” is divergent. 


n=O 


Proof (a) Ifr #1, then the nth partial sum s, is given by the formula 
for the sum of a finite geometric series with n + 1 terms, so 
a(l—r"*) 
l-r 
Now, if |r| < 1, then (r”) is a basic null sequence, so 


: _ a(l- r”+t!) 
lim sn = lim —— 
noo n—-0o l-r 


sei (1 — lim P = —_ 
l-r noo l-r 
by the Combination Rules for sequences that you met in Unit D2. 
Thus, if |r| < 1, then 
[0,6] 
AG a 
Ss ar” is convergent, with sum Ir 


n=0 


Sn =a +ar +ar? +- + ar” = 


(1) 


(b) We deal separately with the cases r = +1 and |r| > 1. 
We saw in Worked Exercise D28(a) and Exercise D41(b) that a 
geometric series with r = +1 and a = 1 is divergent. The same 
arguments can be used to show that any geometric series with r = +1 
is divergent, whatever the value of a. 


If |r| > 1, then (sn) is given by equation (1) and |r|"t! > 00 as 
n — co, so the sequence (sn) is unbounded and hence divergent. 


oO 
Thus, if |r| > 1, then > ar” is divergent. a 


n=0 


1.2 Telescoping series 


Geometric series are easy to deal with because there is a formula for the 
nth partial sum sn. The next exercise concerns another series for which we 
can calculate a formula for sn. 


Exercise D42 


Calculate the first four partial sums of the following series, giving your 
answers as fractions: 


3 Bee ee E 
n(n+1) 1x2 2x3 3x4 


n=l 


The partial sums obtained in Exercise D42 suggest the general formula 


ae: eee ee eee SSL 
1x2 2x3 n(n+1) n+l 


Sn 


This formula can be proved by using the identity 
1 ii iL 
— = —— — ., forn=1,2.,..., 
n(n+1) n n+l 


which implies that 


2 1 eTa 1 
eee a 
Thus 


I EOE TEE. CTE. 
2. Bed (n-—1)n  n(n+1) 


x 

1 1l 1 1 
ar Gee a 
1 n 

n+l ae 


(This series is said to be telescoping because of the cancellation of the 
adjacent terms —3, $, -—4, $, sran) 


Sn = 


| 


Since 


lim s, = lim —— = lim ——— =1, 
n= n>œ n + 1 noo 1 + 1/n 


we deduce that the given series is convergent, with sum 


< 1 
Serre = 


n=l 
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Series 


Exercise D43 


(oe) 
Find the nth partial sum sn of > , using the identity 
n=1 


— n(n + 2) 
2 1 1 


—, fe Sho oen 
n(n+2) n n+? A 


Deduce that this series is convergent and find its sum. 


1.3 Combination Rules for series 


You have already seen that performing arithmetic operations on the 
divergent series 2 + 4+8+--- can lead to absurd conclusions. However, we 
can perform arithmetic operations on convergent series. The following 
result shows that there are Combination Rules for convergent series, which 
follow directly from the Combination Rules for sequences. 


Theorem D25 Combination Rules for convergent series 


[0.0] OO 
Suppose that x Üa = s and SS Op = to Minem 


m=i n=1 
Sum Rule SG. +bn)=s+t 
m= 


Multiple Rule Se Aan = As, for any real number AÀ. 


ol) 


Proof Consider the sequences of partial sums (sn) and (tn), where 


34 = a and tn = Sis 
k=1 k=1 


We know that sn —> s as n —> œ and tn > t as n —> oo. 


1 Introducing series 


(oe) 
Sum Rule The nth partial sum of the series ac + bn) is 
n=1 
n 
X (ak + be) = (a1 + b1) + (a2 + b2) +++ + (an + bn) 
= = (a1 +42 +--+ an) + (bi + bg +++ + bn) 
= Sn + tn. 


By the Sum Rule for sequences, 


lim (sn +tn) = lim sn + lim tn =s+t, 
n—= o0 n—0o noo A 
so the sequence (sn + tn) of partial sums of Y (an + bn) has limit s + t. 


n=1 
Hence this series is convergent and 


X "(an + bn) =s+t. 


n=1 


(oe) 
Multiple Rule The nth partial sum of the series `> Aan iS 


n n=1 

S Aap = àa + ag +++ + Aan 

E=1 = Nay tag +++- + an) 

= NS 

By the Multiple Rule for sequences, 

lim (Asn) = À lim sn = às, 

MoCo Noo oo 
so the sequence (Asn) of partial sums of D Aan has limit As. Hence this 

n=1 


series is convergent and 


[0.0] 
` Aan = AS. 
nel 


Worked Exercise D30 


Prove that the following series is convergent and calculate its sum: 


> (e+ amen) 


n=1 
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Prove that the following series is convergent and calculate its sum: 


(0's) 


n=1 


We conclude this subsection with the following corollary to the Multiple 
Rule for convergent series, which tells us that a non-zero multiple of a 
divergent series is also divergent. (Remember, though, that you can never 
perform arithmetic operations with divergent series.) 


Corollary D26 Multiple Rule for divergent series 
(oe) 
Suppose that SS an is divergent and that A is a non-zero real number. 


m= 


(oe) 
Then ` Aan is divergent. 


w= 


[e.e] 
Proof We use proof by contradiction. Suppose that SS an is divergent, 


n=1 
oo 


and that À is some non-zero real number such that > Ady, is convergent. 


n=1 
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Then it follows from the Multiple Rule for convergent series with multiple 
1/A that 


1 0O 
2 An = F XA an is convergent. 
OO 


However, this is a contradiction since we know that > an is divergent. So 
n=1 
our original assumption was wrong and we must in fact have 


OO 


J Aan is divergent, for any non-zero real number A. 
n=1 | 


1.4 Non-null Test 


For all the infinite series we have so far considered, it is possible to derive a 
simple formula for the nth partial sum. For many series, however, this is 
difficult or even impossible. 


Nevertheless, it may still be possible to decide whether such series are 
convergent or divergent by applying various tests. Our first test arises from 
the following result. 


Theorem D27 


If > an is a convergent series, then its sequence of terms (an) is a 
wl) 


null sequence. 


Proof Let 
sn = Dan = a1 +49 +++ + an 
k=1 


denote the nth partial sum of the series }°°°_, an. Because X7] an is 
convergent, we know that (sn) is a convergent sequence, with limit s, say. 


We want to deduce that (an) is null. To do this, we note that 
Qn = Sn — Sn—1, forn> 2. 
Thus, by the Combination Rules for convergent sequences, 
lim an = lim (Sn — Sn-1) = lim sn — lim sn-1. 
n00 n00 n—- oo n—-> oo 
The sequence (sn—1)3 is the same as the sequence (sn){ , SO Sn-1 — S as 
n— oo. Thus 
lim a, =s—s=0 
noo 


so (an) is a null sequence, as required. E 
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The following test for divergence is an immediate corollary of 
Theorem D27. 


Corollary D28 Non-null Test 


CO 
If (an) is not a null sequence, then ` an is divergent. 


m=i 


Although it is sometimes obvious that a sequence (an) is not null, it can be 
useful to have a method for showing this. You saw in Unit D2 that if (an) 

is a null sequence, then (|a,,|) is also null, as are all subsequences of (|an). 

This leads to the following strategy. 


Strategy D9 


co 

To show that > an is divergent using the Non-null Test, check that 
m=i 

the sequence (an) is not null by showing that (|a,,|) has either 


(a) a convergent subsequence with non-zero limit, 
or 


(b) a subsequence which tends to infinity. 


Often when we apply Strategy D9 there is no need to consider a 
subsequence, because the whole sequence (|an|) tends to a non-zero limit 
or to infinity, as in the following Worked Exercise. 


Worked Exercise D31 


Prove that each of the following series is divergent. 


(@) Spr) OS 


2 Series with non-negative terms 


Exercise D45 


—1)” tin? 


oe) 
Prove that a ( is divergent. 
n=1 


= Qn? +1 


Note that the converse of the Non-null Test is false. If the sequence (an) is 
null, then it is not necessarily true that the series X7] an is convergent. 
For example, the sequence (1/n) is null, but the series 


ae is divergent 
n (2°3 oat 


n=1 


(We prove this rather surprising fact at the beginning of the next section.) 
So you can never use the Non-null Test to prove that a series is convergent. 


2 Series with non-negative terms 


In this section we restrict our attention to series °°?) an with 
non-negative terms. In other words, we assume that 


Qn >0, forn=1,2,.... 
It follows that the partial sums of X>; an, given by 


sy = aj 


S2 = Q1 +402 


Sn = Q1 + a2 +`: + an, 


form an increasing sequence. This is illustrated in Figure 4 and in the 
sequence diagram in Figure 5. 


ay a2 Q3 


T T 
0 S1 §2 53 
Figure 4 A series with 
non-negative terms 


Sn 


| T T T T > 


L 2.3.4 n 


Figure 5 The partial sums of 
a series with non-negative 
terms 
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As in Section 1, we are interested in finding out whether a series with 
non-negative terms is convergent, even if we are unable to evaluate its sum 
or partial sums. The fact that the sequence (sn) of partial sums is 
increasing helps us to determine whether (sn) is convergent, since we can 
use the Monotone Convergence Theorem which you met in Unit D2. We 
restate this result below. 


Theorem D29 Monotone Convergence Theorem 
If the sequence (an) is either 

e increasing and bounded above, or 

e decreasing and bounded below, 


then (an) is convergent. 


Thus, if we can prove that the sequence (sn) of partial sums of a series 
with non-negative terms is bounded above, then it follows from the 
Monotone Convergence Theorem that (sn) is convergent, and hence that 
the series }°°°_, an is convergent. 


In this section you will meet several tests that can be used to check 
whether a series with non-negative terms is convergent and also several 
examples of such series. 


2.1 Tests for convergence 


We begin by studying two important examples of series with non-negative 
terms: 


< i 1 1 1 
se Sl ls d ey pe eras Opel 
ae Gua an a 4. atat 


Exercise D40 


Use a calculator to find the first eight partial sums of each of the series 
[0,6] 


1 Š l 
3. — and y E (giving your answers to two decimal places), and plot 
n =n 


n=l 
your answers on a sequence diagram. 


From the solution to Exercise D46, it appears that 


— di d — : 
y = diverges an Se zz converges 
n=1 n=1 
We now show that this is indeed the case. To do this, we look carefully at 
the partial sums of these two series to see whether the sequences of their 
partial sums converge or diverge. 


2 Series with non-negative terms 


(oe) 
1 
We begin by considering > —. This series is often called the harmonic 
n 
n=1 
series, since its terms are proportional to the lengths of strings that 


produce harmonic tones in music. 


The earliest recorded proof that the harmonic series is divergent is in 
a treatise dating from c.1350 by the French medieval philosopher 
Nicole Oresme (c.1320-1382). 


Worked Exercise D32 


0O 
1 
Prove that the series > — is divergent. 
n 


n=1 


Solution 


®. Notice that the sequence (1/n) is null, so we cannot use the 
Non-null Test here. The key step in the proof is to find a subsequence 
of partial sums that tends to infinity. We do this by arranging the 
terms of the partial sums into groups. .® 


Let sn be the nth partial sum of the series. Then: 


jee eer aie ceca mee are te 
Ss = = = = == = — = — -= Pere = 
i JE gap oe ee Oe n 


ee ee T Ua ae P 
E 2 g A 5 0 7 B8 


1 1 1 
oam teri 


® The kth bracket contains 2" terms, each at least equal to 


i 
OF + OF? 
so the sum of the terms in each bracket is at least equal to 


9k 
Fp oF a This fact enables us to use the Squeeze Rule for 
sequences which tend to infinity, which you met in Unit D2. & 


It follows that the subsequence (ssx) of partial sums is: 


sy = I. 
1 
82 = Sage 
Urea fag (eer ee ere 
le ay 2y 
E E E E a oe ae 
S — — — — = = as 
2 J tes ai p 6 7 8 2'3 3 
a eee ee 
52k 2'7 3 8 
ea 
k terms 
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1 
Since 1 + ae — œ as k > ov, it follows from the Squeeze Rule that 
S9k —7 (CS), 


@. We now use the Second Subsequence Rule from Unit D2, which 
says that if a sequence has a subsequence that tends to infinity, then 
the sequence is divergent. © 


Hence the sequence (sn) is divergent by the Second Subsequence Rule. 
co 


1 
It follows that the series D — is divergent. 
n 


m= 


We now consider the second series from Exercise D46. 


Worked Exercise D33 


OO 
Prove that the series y — İs convergent. 
n 


n=l 


Solution 


®. All the terms of the series are positive, so the sequence of partial 
sums is increasing. We show that the sequence of partial sums is 
bounded above and use the Monotone Convergence Theorem. ® 
Let sn be the nth partial sum of the series. Then, using the method of 
telescoping cancellation and the fact that 

1 1 1 il 


2 Ga) a 


for all integers k > 1, we have 


1 1 1 1 
“malta aaa ia 
il 1 
1 TeS 
a To eee E 
E ll 1 x 1 I 4 il 1 + hy 1 1 
E I? 3 3d m-l m 
il 
= 
n 
D 


It follows that (sn) is both increasing and bounded above (by 2, for 


example) so that, by the Monotone Convergence Theorem, (sn) is 
OO 


convergent. So the series > —z is convergent. 
n 


n=l 
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2 Series with non-negative terms 


In fact, remarkably, it can be shown that 
ans 

2 oR 
<n 6 


However, a proof of this (which depends on use of trigonometric series or 
of complex analysis) goes beyond the scope of this module. 


The problem of finding the exact sum of the series )*°°., (1/n?) is 
known as the Basel problem. The problem was first posed by the 
Italian mathematician Pietro Mengoli (1626-1686) in 1644. After 
withstanding the attack of many leading mathematicians, including 
several members of the Bernoulli family, it was solved by the young 
Leonhard Euler (1707-1783) in 1734, bringing him immediate fame. 
The problem is named after the city of Basel in Switzerland, the 
hometown of Euler and of the Bernoulli family. 


Just as with sequences, there are some general results that enable us to 
deduce the convergence or divergence of a given series from the known 
convergence or divergence of another series. Our next result is of this type. 


Theorem D30 Comparison Test 
(a) TE 
OX GS Wa, wor M = 1, Booos (2) 


0O 0O 
and `y bn is convergent, then ‘D an is convergent. 
m= m= 
(b) If 
O< Oy SGpo tor m= l eaog (3) 


OO [0.0] 
and >` bn is divergent, then SS an is divergent. 


i=l c= 


Proof (a) Assume that inequality (2) holds. Then the nth partial sums 
Sh =a, tagte::+an, n=1,2,..., 
and 
i= behets, B= 12 ey 


satisfy 


Sn S tny forn=1,2,.... 


We also know that }7°°, bn is convergent, so the increasing sequence 
(tn) is convergent with limit t, say. Hence 


Sn <ty<t, forn=1,2,..., 
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so the increasing sequence (sn) is bounded above by t. By the 

: (oe) 
Monotone Convergence Theorem, (sn) is also convergent, so X p] dn 
is a convergent series. 


Now assume that inequality (3) holds. Notice that the statement 


OO [0,6] 
if > bn is divergent, then 7; an is divergent 
n=1 n=l 


is equivalent to the statement 


oO Co 
if > an is convergent, then > bn is convergent. 
n=1 n=1 
®. The second statement is the contrapositive of the first statement 
and so is equivalent to it, as you saw in Unit A3 Mathematical 
language and proof. & 


But the second statement follows from part (a) with the roles of an 
and bn interchanged, so this proves part (b). E 


Remarks 


1. 


In 


Informally, in part (a) we say that X`% an ‘is dominated by’ X>% bn; 
and in part (b) that X>] an ‘dominates’ X7] bn. 


. In the proof of part (a), if we apply the Limit Inequality Rule from 


Unit D2 to the inequality 


Sn <tn, forn=1,2,..., 


Co Co 
then we can in fact deduce that X an Z `> bn. 


n=l n=1 


. When using the Comparison Test, it is sufficient to show that the 


necessary inequalities in parts (a) and (b) hold eventually; that is, that 
0 < an < bn or 0 < bn < an for all n > N, for some number N. (You 
met this idea of a property holding eventually in Unit D2.) 


applications, we use the Comparison Test in the following way — 


sometimes informally called a ‘guess then check’ approach. 


Strategy D10 


(a) To show that a series >p; an of non-negative terms is 


convergent using the Comparison Test, do the following. 


1. Guess that X>] an is dominated by a convergent series 


Yin=t bn- 


2 Cloak wae O < Ga < Wp, ior m= l oeeo 


(b) To show that a series >p; an of non-negative terms is divergent 


using the Comparison Test, do the following. 


1. Guess that Xp; an dominates a divergent series } p; bn. 
» Cheek unen 0 < Do < Oa Wor im = y aoas 


2 Series with non-negative terms 


In either case, the first step is to find a suitable series }°°°_, bn to compare 
with the series }>°°_, an that we are investigating. To do this, we choose a 
series whose nth term bp seems likely to be greater than or equal to an 
(less than or equal to ap) and which we know converges (diverges). 
Carrying out the check in step 2 of Strategy D10 will then show whether 
or not our guess of `p; bn was suitable. This is illustrated in the next 
two worked exercises. 


Worked Exercise D34 


(oe) 
Prove that the series > — is convergent. 
n 


n=1 


(oe) 
1 ; 
There is no simple way of writing the sum of the series Ss => Tinis 
n 
m=i 
value is now known as Apéry’s constant after the French 
mathematician Roger Apéry who in 1978 proved that it is irrational. 
Apéry’s constant arises naturally in a number of physical problems; 
for example, in the quantification of black body energy radiation. 
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Worked Exercise D35 


[0,6] 
Prove that the series D 


n=1 


is divergent. 


= 
vn 


Next we consider the series 


= 1 


This seems likely to be divergent, because its terms are somewhat similar 
to those of Xp; (1/,/n), which we showed to be divergent in Worked 
Exercise D35. But how can we prove this? 


We cannot use the Comparison Test for these two series because the 
inequality in step 2 of Strategy D10(b) does not hold. We could use the 
Comparison Test to compare series (4) with °°? _,(1/n), in which case we 
would find that the inequality in step 2 holds eventually. However, the 
following useful result enables us to deduce the divergence of series (4) 
directly from the divergence of X z; (1//n). 


Theorem D31 Limit Comparison Test 


CO [e.e] 
Suppose that yy an and SS bn have positive terms and that 


m=i n=1 


a 
rA as n — 00, 


n 
where L #0. 


[o.e] CO 
(a) If > bn is convergent, then ` an is convergent. 


m=i m=i 
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CO (oe) 
(b) If ` bn is divergent, then ` an is divergent. 


m=i w= 


Proof (a) We know that the sequence (an/bn) is convergent, so it must 
be bounded by Theorem D14 of Unit D2. Thus there is a positive 
constant K such that 

“n <K, forn=1,2,..., 
bn 
so 


Qn <Kb,, forn=1,2,.... 


We also know that X57] bn is convergent, so X >} Kb, is convergent, 
by the Multiple Rule. Hence, by part (a) of the Comparison Test, 


5°] Gn is convergent 
n=1 Gn g : 


(b) As we saw in the proof of part (b) of the Comparison Test, the 
statement 


[oe] OO 
if bD bn is divergent, then > an is divergent 
n=1 n=1 


is the contrapositive of the statement 


co OO 
if ) an is convergent, then J bn is convergent, 
n=1 n=1 


so these two statements are equivalent. Now since L 4 0, we have 


bn 1 
— => — asn > oœ, 
An L 


by the Quotient Rule for sequences from Unit D2. Thus the second 
statement follows from part (a) with the roles of a, and bn 
interchanged, which proves part (b). E 


Remarks 


1. The hypothesis an/bn — L can be interpreted as saying that ‘an 
behaves rather like bn for large n’. 


2. The assumption that L Æ 0 is not needed in the proof of part (a), but it 
is essential in the proof of part (b). 


As we did with the Comparison Test, we can formulate a convenient way 
to use the Limit Comparison Test via a ‘guess then check’ approach. 
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Strategy D11 


(a) To show that a series X>} an of positive terms is convergent 
using the Limit Comparison Test, do the following. 


1. Guess that }°°°., an behaves like a comparable convergent 
series )>°° | bn of positive terms. 


2. Check that = —> L #0 as n —> œ and deduce that 77°) an 
converges. 
(b) To show that a series Xp; an of positive terms is divergent 
using the Limit Comparison Test, do the following. 


1. Guess that X>; an behaves like a comparable divergent 
series J p} bn of positive terms. 


2. Check that - —> L #0 as n > œ and deduce that ) p1 an 


diverges. 


In either case, the first step is to find a suitable series }7°°_, bn of positive 
terms to compare with the series >>; an that we are investigating. To do 
this, we choose a series that we know to be convergent or divergent, and 
whose nth term b,, seems likely to behave in a similar way to apn for large 
values of n. Carrying out the check in step 2 of Strategy D11 will then 
show whether or not our guess of °°; bn was suitable. This is illustrated 
in the next worked exercise. 


Worked Exercise D36 


Determine whether each of the following series converges or diverges. 


= Í X n+5 
(a) LAFI (b) Dem 
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Both a, and b, are positive, and 


An 1 1 
bn 2/n+1/ yn 
o vn 
 2/n+1 
1 
— 2+1/yn 


®. This follows from the Combination Rules for sequences since 
(1/,/n) is a basic null sequence. .& 


Since X> (1//n) is divergent, it follows from part (b) of the 


1 
- £0. 


[0.6] 
Limit Comparison Test that SS is divergent. 
m=i 


1 
2/n+1 


On F 
®. For large n, the expression is approximately 
—n 


3n 

m 
3n4 3n?’ 
rather like 1/n° for large n. We know that the series X72; (1/n?) 
is convergent. © 


so we guess that the terms of this series behave 


We use the Limit Comparison Test with 


n+5 
Ca ree tor 7 = Dose. 
and 
bn = =, forn=1,2,.... 
n 


Both a, and bpn are positive, and 


An n+5 3 


On el 
o nt +5n3 
m a 
1+5/n 1 
2 E 
Een 


®. This follows from the Combination Rules for sequences since 

(1/n) and (1/n?) are basic null sequences. © 

Since >°°_,(1/n3) is convergent, it follows from part (a) of the 
i) se 

3nt-n 


co 
Limit Comparison Test that yy 


m=i 


is convergent. 
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In the next exercise you can practise using the Comparison Test and the 
Limit Comparison Test. If you can see a direct comparison with a series 
which you know to be convergent or divergent, then you can use the 
Comparison Test. If the terms of the series just behave like the terms of a 
known series for large values of n, then you should use the Limit 
Comparison Test. 


Exercise D47 


Use the Comparison Test or the Limit Comparison Test to determine 
whether each of the following series converges or diverges. 


1 1 n+4 
Oley Voa “Serene 
(a) D cos (On) 

n=1 


Our next test for convergence is motivated in part by the properties of 
geometric series. Recall that the geometric series 


oO 
atartar?+---= 5 ar”, where a Æ 0, 
n=1 


is convergent if |r| < 1 but divergent if |r| > 1. 


Theorem D32 Ratio Test 


co 
a 
Suppose that ) an has positive terms and that SEEL as m= 69; 
an 
n=) 


0O 
(a OS 1) then > an is convergent. 


m= 


OO 
(œ Tit i or l= oo, then ` an is divergent. 


i=l 


Proof (a) We know that 0 < l < 1, so we can choose £ > 0 such that 
lexi; 


(For example, we can take € = $(1—1).) Let r =l +e. Since r >l, 
there is a positive integer N such that 


a 
Ae r, foralln >N. 
an 
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This is illustrated in Figure 6. Thus, for n > N, we have 


a a An— a 
an ( n ) (=) (=) < aN, 
aN ûn—1 An—2 an 
since each of the expressions in brackets is at most r. Hence 


Qn Sanr N, forn>N. (5) 


Now 


co 
X anr” N =ay +anrt+ayr?+::: 
n=N 


is a geometric series with first term ay and common ratio r. Since 
0 <r <1, this series is convergent. Thus, by inequality (5) and the 
0O 


Comparison Test, J an is also convergent, as required. 
n=1 


Since 


Qn+1 An+1 
— >o or >l, 
an, an 


where l > 1, there is a positive integer N such that 


eo for alln > N, 
an 


as shown in Figure 7. Thus, for n > N, we have 


a a An— a 
oo = ( +) (=) (2#) =: 
aN an-1 an—2 an 


since each of the expressions in brackets is at least 1. Hence 


an >an>0, forn>N, 


so (an) cannot be a null sequence. It follows, by the Non-null Test, 
OO 


that > an is divergent. |_| 


n=1 


Remarks 


ih; 


With the Ratio Test, we concentrate on the series }°°°_, an itself and do 
not need to compare it with some other series J>% bn. 


. Ifl = 1, the Ratio Test gives us no information on whether the series 


converges. (That is, the Ratio Test is inconclusive if l = 1.) 
1 

For example, if a, = — then 
n 


An+1 n 


an à n+l 1+i1/n 


and we have seen (in Worked Exercise D32) that the series }°°°_, (1/n) 
diverges. 


>+>lasn->oo 


14 e 
l+ e4 7 
l E 
|_-_ a Bee 


Figure 6 ‘The sequence 
diagram for (@n41/an) if 
O<l<l 


Figure 7 ‘The sequence 


Sy 


diagram for (@n41/a,) ifl >1 
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Jean le Rond d’Alembert 
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On the other hand, if a, = = then 
n 


An+1 = n? 1 


an (n+1)? ~ 1+4+2/n+1/n? 


but as we have seen (in Worked Exercise D33), the series X>% (1/n?) 
converges. 


=> l as n > œ, 


. When using the Ratio Test, we obtain a,41 by replacing each instance 


of n by n+ 1 in the formula for an. 


The Ratio Test was first published by the French mathematician Jean 
le Rond d’Alembert (1717-1783) in 1768. D’Alembert’s interest in 
mechanics led him to take a Newtonian view of the foundations of the 
calculus, and he was among the first to regard the method of limits as 
fundamental. He was the editor of the mathematical and scientific 
articles in the Encylopédie — a remarkable series of volumes which 
constitutes one of the major documents of the Enlightenment — and 
wrote many of the articles himself, including the ones on Differéntiel 
and Limite. 


Worked Exercise D37 


Use the Ratio Test to determine whether the following series are 


convergent. 
[oe] (oe) 
n 10” 
(a) mo $ `> TT 
n=1 n=1 
Solution 
(a) Let 
On = TOE mw = I, Deaan 


gn?’ 
Then a, is positive, and 
Cred Mme 2 


= i 
Chin 2n+1 n 


CO 
Since 0 < = < 1, it follows from the Ratio Test that Se 5 is 
m= 
convergent. 


(b) Let 
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Exercise D48 


Use the Ratio Test to determine whether the following series are 


convergent. 
n ae 2n)! 
oby or ors 
n=1 ` n=1 ` n=1 


Hint: In part (c) you need to use the fact (from Unit D2) that 
(14+ 1/n)" > e as n > oo. 


2.2 Basic series 


When studying sequences in Unit D2, we made great use of a library of 
basic sequences. You will now see that there is also a library of basic series 
whose convergence or divergence is known. We can determine the 
convergence or divergence of a large number of other series from these 
basic series by using our tests. 


Theorem D33 Basic series 


The following series are convergent: 


=i 
a —, forp>2 
(a) aE p 
co 
(b) yo fon Oe <= Il 
w= 
CO 
(c) eS tor pi 00) era ll 
m= 


Ge 
(d) ae tone 2 0) 


n=l 


The following series is divergent: 


Zdi 
=, fr0<p<l1. 
(e) 2 or0<p< 
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Proof (a) This series is convergent, by the Comparison Test, since if 
p > 2, then 


1 1 
— < —, forn=1,2.,..., 
n? T n2 


and the series }*°°_,(1/n”) is convergent. 


(In Unit F3 Integration we will prove that }>°°_,(1/n?) is convergent, 
for all p > 1.) 


(b) The series $% c” is a geometric series with common ratio c, 
so it converges if0 <c< 1. 


(c) Let 
Hie, WH 
Then put b = yc and express an as 
ün =N (0X b) = (n0); forvwi=1,2,.+.. (6) 


Now 0 < b < 1, so (n?b") is a basic null sequence. Hence, for some 
positive integer N, we have 


nb" <1, forn > N, 
and thus, by equation (6), 
an <b", forn>N. 


But > b” is a convergent geometric series, so pacar An 1S 
convergent by the Comparison Test. 


(d) Let 

Si NML 2 
n! 

If c = 0, then the series is clearly convergent. For c Æ 0, 


ani n+l / cn ctl n! c 


an (ntl) n! (m+! e ntl’ 
Thus 

antt o as n — œ 

an 


oO n 
C 
and we deduce from the Ratio Test that ` — is convergent. 
n! 
n=1 


(e) This series is divergent by the Comparison Test, since if p < 1, then 


1 1 
—>-, forn=1,2,... 
n? n 
and X> (1/n) is divergent. a 
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Exercise D49 


Verify that the following are all basic series, stating their type according to 
the list in Theorem D33 and giving the values of any parameters p and c. 
Hence determine which of the series are convergent. 


L 2r < 1 < 1 An 
(a) a (b) DP (c) D3 (d) dm 


© a 
n=l 


3 Series with positive and negative 
terms 


The study of series ` an with a, > 0 for all values of n is relatively 
straightforward because the sequence (sn) of partial sums is increasing. 
Similarly, if a, < 0 for all values of n, then (sn) is decreasing. 


It is harder to determine the behaviour of a series with both positive and 
negative terms because (sn) is neither increasing nor decreasing. However, 
if the sequence (an) contains only finitely many negative terms, then the 
sequence (sn) is eventually increasing, and we can apply the results of 
Section 2. Similarly, if (an) contains only finitely many positive terms, 
then the sequence (sn) is eventually decreasing, and we can again apply 
the results of Section 2 to the series “°°. ,(—a,,). For example, the 
convergence of the series 


1 1 1 
42 52 6 
follows from that of X% (1/n?), by the Multiple Rule with \ = —1. 


In this section we look at series such as 


1,1 1,1 1, 
9° 3 4 5 6 


and 

1 1 1 1 1 

‘toe gte p gt 

which contain infinitely many terms of either sign. For such series the 
partial sums alternately increase and decrease infinitely often (so the snake 
discussed in Subsection 1.1 grows and shrinks infinitely often!). We give 
two methods which can often be used to prove that such series are 
convergent. 
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Series 


3.1 Absolute convergence 


Suppose that we want to determine the behaviour of the infinite series 


pee E ee ee EE ee ee (7) 


mC ge ge ge ga 


32 42 


n=1 
We know that the series 


ee | 1 1 4 1 7 
Dea a a (8) 
n=l 


is convergent. Does this imply that series (7) is also convergent? In fact it 
does, as we now prove. 


Consider the two related series 
1 1 

be Orsay) Or ga 0 bee 

and 
1 1 1 

Ota tOtBtOtat. 
Each of these series contains only non-negative terms and is dominated by 
series (8), so they are both convergent, by the Comparison Test. Applying 
the Sum Rule for series, and the Multiple Rule for series with \ = —1, we 
deduce that the series 

1 1 1 if 1 

-ata pta g 


is convergent. 


1 aie 


The type of argument just given is the basis for a concept called absolute 
convergence, which we now define. 


Definition 
[0.6] OO 

The series bD an is absolutely convergent if > |an| is convergent. 
w= (i=l 


If the terms a, are all non-negative, then absolute convergence and 
convergence have the same meaning. 
The series (7) is absolutely convergent because the series XDS} (1/n?) is 
convergent. However, the series 
OO 
(<1)""* 1 1 1 1 1 
S ee HH 9 
= n 2 3 4 5 6 (9) 


is not absolutely convergent because the series }*°°_,(1/n) is divergent. 


As the name suggests, every absolutely convergent series is convergent. 


3 Series with positive and negative terms 


Theorem D34 Absolute Convergence Test 


oO oO 
If > an is absolutely convergent, then > an is convergent. 


nN n=l 


Proof We know that 5°°°, |a,,| is convergent, and we want to prove that 
X>] Gn is convergent. 


To do this, we define two new series °°, bn and S>°°., cn, where 
Gn, if adn > 0, 0, if an > 0, 
Cnr = 
0, ifan<0, ”  \—-an, ifan <0. 


Both the series }>?°_, bn and X>} Cn have non-negative terms, and 
Ue < lanl; for n=l; 2.640% (10) 
and 


Cee (Ol. for m= Ties (11) 


Since }*°°., |an| is convergent, we deduce that °°? bn and S°°_, Cn are 
convergent, by the Comparison Test. Thus 


OO OO 0O [0,6] 
> an=) (Onen) =) bn — en (12) 
n=1 n=1 n=1 n=1 

is convergent, by the Combination Rules for series. | 


Because )*°°_,(1/n”) is convergent, it follows from the Absolute 
Convergence Test that series (7) is convergent, as we have already seen. 
Indeed, however we distribute the plus and minus signs amongst the terms 
of the sequence (1/n?), the resulting series is convergent. 


However, the Absolute Convergence Test tells us nothing about the 


behaviour of series (9), nor about similar series such as 


idee eer ae veers: a (13) 
2 3 4 5 6 7 8 9 l 


The series X>; (1/n) is divergent, so these two series are not absolutely 
convergent. You will see later how to use other methods to determine 
whether series (9) and (13) are convergent. 
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Worked Exercise D38 


Prove that the following series are convergent. 


(oe) (oe) 
(—1)"*+ cosn 
Oa ee 
n=1 n=1 
Solution 
(a) Let 
ii n+1 
Op = ( y » tor ja = I, eoc 
n 
Then 
1 
lan| =-=; forn=1,2,.... 
n 


We know that )>°°_,(1/n?) is convergent, so by the Absolute 
Convergence Test, 


es (= 
yD >; is convergent. 
m= K 
(b) Let 
(0) 
w= forn = We PA coon 


®. In this case we use the fact that |cosn| < 1 to get an upper 
bound for the size of |a,,|. We can then use the Comparison Test 
to show that J` |an| is convergent. & 


Then 
il 
lanl = T form = 2a 
pecauselllcosm < forn = 1,2,.... 
Since }>°° ,(1/2”) is a basic convergent series, it follows from the 
Comparison Test that X7 |an| is convergent. Hence, by the 
Absolute Convergence Test, 


(oe) 


cosn , t 
J oe is convergent. 


m= 


Exercise D50 
Prove that the following series are convergent. 


OO 

(-1)"t!n 1 1 1 1 1 

ier ee b ap a a a a 
cp? n? Bi wae ar a T 
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The Absolute Convergence Test states that if the series X` |a,| is 
convergent, then ` an is also convergent. The following result relates the 
sums of these two convergent series. This result generalises the Triangle 
Inequality for n real numbers, 


Jar +ag+---+an| < |ar| + laa] +--+- + lanl, 
that is, 


n n 
2 a| < 9 lal, 
k=1 k=1 


which you met in Subsection 3.1 of Unit D1 Numbers. 


Theorem D35 Triangle Inequality (infinite form) 


(oe) 
If > an is absolutely convergent, then 


m= 
loo) lee) 
> an| Sd lanl 
mll p= 


Proof We use the series X7} bn and $L] Cn, introduced in the proof 
of the Absolute Convergence Test. Since the numbers bn and cn are all 
non-negative, we obtain the following inequalities from equation (12): 


oo oo oo 
= ‘2 Cn < y ün S bn 
n=1 n=1 n=1 


Thus, by inequalities (10) and (11), we deduce that 


oo oo oo 
-> lanl < $an < $ lanl, 
n=1 n=1 n=1 


which gives the required inequality 


oo oo 
> an| < $ lanl; 
n=l n=l 


Exercise D51 
Show that the series 
1 1 1 1 1 1 
a a as aa + ee fe 
2 4 8 16 32 64 
is convergent, and that its sum lies in the interval [—1, 1]. 
(In this series the signs of the terms are +, —, —, repeated infinitely often. 


You do not need to find the sum of the series.) 
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Sh 
1-4 e 
e 

s e 
1 ° z 
z371 e 

T T T T T T 

123 4 5 6 


Figure 8 ‘The sequence 
diagram for (sn) 


164 


3.2 Alternating Test 


Suppose that we want to determine the behaviour of the following infinite 
series, in which the terms have alternating signs: 


aa a oo on (14) 
no è = 2'3 4 5 6 i 


n=l 
(You met this series earlier as series (9).) The Absolute Convergence Test 
does not help us with this series because X>; (1/n) is divergent. In fact, 
series (14) is convergent. To see why, we first calculate some of the partial 
sums and plot them on a sequence diagram: 


s1 =1, 
1 : 0.5 
sg=1—--==0. 
2 2 , 
=1 1 ogg 
§3 = 2 3 : > 
=| ae 0.583 
Sern Wi eee 
=1 ae : l L 0.793 
amenta Ap ee 
1 ae paud 0.616 
se = =en 
eG 2°3 4 5 6 


The sequence diagram is shown in Figure 8. This suggests that the odd 
subsequence (s2,—1) is decreasing: 


S1 2 83 2 85 A È S2k-1 20t, 


and that the even subsequence (s2) is increasing: 


So < S4 L s6 L L Sop L. 


Also, the terms of (s2x—1) all exceed the terms of (s2), and both 
subsequences appear to converge to a common limit s, which lies between 
the odd and even partial sums. 


To prove this, we write the even partial sum s2ẹ as 


E ae Ces ern eee 1 
cee 2 3° 4 2k—-1 2k) 
All the expressions in brackets are positive, so the subsequence (s2) is 


increasing. 


We can also write 


syl 1 1 1 1 1 
T 2 3 4 5 IÆ 2 2k11] 2k 


Again, all the expressions in brackets are positive, so (s2) is bounded 
above by 1. 


3 Series with positive and negative terms 


Hence, by the Monotone Convergence Theorem, 


lim soz = S, 
k-oo 


for some s. Since 


Sok = S2k—1 — fork =1,2,..., 


1 
2k’ 
and the sequence (1/2k) is null, we deduce that 

li li + : 
1m 1 = 1m — = 
k—>oo pee k-o0o 52k 2k $ 
by the Sum Rule for sequences. Thus the odd and even subsequences of 
(sn) both tend to the same limit s, so Sn + s as n + oo, by Theorem D21 
OO 
—] n+1 
in Unit D2. Hence, the series > (ares is convergent, with sum s. 
n 
n=] 


(In fact, s = log, 2 ~ 0.69 but we do not show this here.) 


The same method can be used to prove the following general result which 
is also called the Leibniz Test. 


Theorem D36 Alternating Test 
Let 
a = N oo n= L2 s; 
where (bn) is a decreasing null sequence with positive terms. Then 


[0.0] 
DS an = b1 — b2 + b3 — b4 +--+: is convergent. 


w= 


Proof We can write any even partial sum sə% as 
S2k = (bi — ba) + (b3 om b4) pose (b2k—1 — bək). 


Since the sequence (bn) is decreasing, all the expressions in brackets are 
non-negative, so the even subsequence (s2%) is increasing. 


We can also write 
Sox = by — (b2 — bg) — (b4 — b5) — ++ — (b2k—2 — b2k—1) — bax. 


Again, all the expressions in brackets are non-negative, so the subsequence 
(Sz) is bounded above by b1. 
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Hence, by the Monotone Convergence Theorem, 
lim so, = $, 
k-0o 

for some s. Since 
Sok = S2k—1 — bor, for k = V2) cay 

and the sequence (bn) is null, we deduce that 
lim sox_1 = lim (sox + box) = 5, 
k= k—=oo 


by the Sum Rule for sequences. Thus the odd and even subsequences of 

(sn) both tend to the same limit s. Hence, by Theorem D21 in Unit D2, sn 
[e.e] 

tends to s, so `> an is convergent, with sum s. E 


n=1 


When you apply the Alternating Test there are a number of conditions to 
check. We now describe these in the form of a strategy. 


Strategy D12 


To prove that X7; an is convergent using the Alternating Test, 
check that 


Gea) bee — lee 
where 
I, Op = O, tor w= 2 voc 
2. (bn) is a null sequence 


3. (bn) is decreasing. 


When you use this strategy and are checking that the sequence (bn) is null, 
you may find it helpful to use the techniques you met in Unit D2, 
including the list of basic null sequences. 


Here are some examples of the use of Strategy D12. 


Worked Exercise D39 


Prove that the following series are convergent. 
n+l n 


(=r < (=1) 
(a) DE (b) 2 mT 


3 Series with positive and negative terms 


Then a, = (—1)"*1b,, where 
b, =f Vn, torn=1,2..... 
Now 
il, O, = O, tor m= 1,2,..- 
2. (b,) is a basic null sequence 
3. (bn) is decreasing, because (1/bn) = (vn) is increasing. 
Hence, by the Alternating Test, 


=. (prH 


————— is convergent. 
2 v 
(b) Let 
(in 
Gi OT fonn = 2 


Then an = (—1)"*1b,, where 


n 


= a MOT? 40) = MP, mac 
Now 
I, Op ZO forn = 1%, oo- 
2. since 
1/n 
m=z as n —> ©, 


(bn) is null 
3. (bn) is decreasing, because 
Ghee 
—|= == 2 
bn n n 
is increasing. 
Hence, by the Alternating Test, 


29 ee 
> De is convergent. 


al 


Exercise D52 


Determine which of the following series are convergent. 


oe a Dee = n+1_” 
(a) > aie (b) ewes, () SUCH) n42 
n=1 n=1 n=1 
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3.3 General strategy 


We now give a strategy for applying the tests for convergence (or 
divergence) of a series. For each test, the strategy briefly indicates the 
circumstances under which that test can be used. 


Strategy D13 


To determine whether a series X` an is convergent or divergent, do the 
following. 


1. If you think that the sequence of terms (an) is non-null, then try 
the Non-null Test. 


2. If }> a, has non-negative terms, then try one of these tests. 


Basic series Is ` a, a basic series, or a combination of these? 

Comparison Test Is a, < bn, where ` bpn is convergent, or 
an > bn > 0, where ` bn is divergent? 

Limit Comparison Test Does an behave like b, for large n 
(that is, does an/bn  L #0), where È` bn is a series that you 
know converges or diverges? 

Ratio Test Does an41/an > l #1? 


3. If $` an has infinitely many positive and negative terms, then try 
one of these tests. 


Absolute Convergence Test Is $` |an| convergent? 
(Use step 2.) 

Alternating Test Is a, = (—1)"*1b,, where (bn) is 
non-negative, null and decreasing? 


Remarks 


1. When applying these tests, you do not need to try to prove that the 
sequence (an) is null (though in the case of the Alternating Test, you do 
need to show that the sequence (bn) is null). 


2. If the terms an of the series X` a, are non-positive, apply step 2 of the 
strategy to the series $` (—aņn) and then use the Multiple Rule with 
A=-l1. 


3. If none of steps 1-3 of the strategy gives a result, then you could try 
using first principles by working directly with the sequence (sn) of 
partial sums. 


4. The following suggestions may also be helpful. 


e If a, is positive and includes n! or c”, then consider the Ratio Test. 


e If a, is positive and has dominant term n”, then consider the 
Comparison Test or the Limit Comparison Test. 


e If a, includes a sine or cosine term, then use the fact that this term is 
bounded and consider the Comparison Test and the Absolute 
Convergence Test. 


Exercise D53 


Determine which of the following series are convergent. 


° 5n +2" S 3 a (yr 
(a) 2, 3n (b) >, 2n3 — 1 (c) > nlog(n + 1) 


4 The exponential function 


In this section you will see how e” can be represented as an infinite series 
of powers of x. This representation is then used to prove that the number 
e is irrational, and also that e*eY = e”™ for any real numbers g and y. 
This section is not assessed and is for reading only. 


4.1 Definition of e” 
In Subsection 5.3 of Unit D2 we defined e = 2.71828... to be the limit 


1 n 
e= lim (1 + 9 : 
n— o0 n 


We also stated that if x > 0, then 


We can now use infinite series to give an alternative definition of e”. 
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Figure 9 shows graphs of the first four partial sum functions 


2 
x 
solz)=1, s(t) =1+e, sa(z)=1+r+ z> sake e 


of the following infinite series of powers of x: 


CO nn 2 3 
x T x 
n=0 
A x? r? 
i 7 /y=s(a)=ltato ta 


Figure 9 The partial sum functions of X> _)(a”/n!) 


We know that series (15) is convergent for all real numbers = since it is a 
basic convergent series of type (a). As the sum of the series depends on z, 
it defines a function of x. If you test different values, then you will find 
that this sum function appears to be e”. In particular, when x = 1, the 
sum of the series 

1 


OO 

1 1 
D a re 
n=0 


is approximately 2.718.... 


It can be proved that series (15) does converge to e” for all x € R and we 
give this result, for x > 0, as our next theorem. If you are short of time, 
then skim read the proof, noting the main points. 


Theorem D37 


If x > 0, then 
Caen) 
>> Z = lim (1+=) ae 
yal n— oo 
n 


Proof We give the proof only for the case x = 1; the general case is 
similar. We have to show that 


2al l Ly” 
>> = = lim 1+ =e 
n! n—>00 n 


n=0 


The nth partial sum of this convergent series is 


gages i i el 
Sn=l+ Tap tat tap so a ae 
n= 


Now, by the Binomial Theorem, we have 


CREAR AERAN (16) 


The general term in this expansion is of the form 


aind R a aE i 


-36-4 (6-4-5) (17) 


where 0 < k < n. This last product is at most 1/k!, since each expression 
in brackets is at most 1, so 


1\” 1 1 
1+—) <14+1+5+---+—5=5n, 
n 2! n! 


by equation (16). Thus, by the Limit Inequality Rule for sequences, 


N7 < 1 
e= lim (1 + z) < im Sn J (18) 


e e 


Keeping m fixed and taking limits of the above inequality as n — oo, we 
obtain 
. 1\" 1 1 
e= lim | 1+- ees oe ee 


by the Limit Inequality Rule. Applying this rule once more to e > sm and 
using the fact that e is a constant, we obtain 


SS 1 Sl 
e> lim sm= > e] JE (19) 
m=0 n=0 
OO 
PSREN a : 1 
Combining inequalities (18) and (19) gives ) =e E 
n! 
n=0 


By Theorem D37, we can use the series } >% _o(x”/n!) as an alternative 
definition of e” for all x > 0. We then define e” for x < 0 as the reciprocal 
of e~*. For example, e~™ = (e")~! = 1/e". 
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Definition 
Forz- 0, 
z a 
os taller) = 
m= 
For x < 0, 


Remarks 


1. The equations 
(oe) 
z] 2i a 
e= lim (1+= =h 
n=0 
are also true if x is negative, but we shall not prove this here. The fact 
that 
OS. a 


T 
=i T for x < 0, 


n=0 
is proved in Unit F4 Power series. 
2. The exponential function x — e” is often called exp and we may write 
exp : R — R 
r= æ. 


4.2 Calculating e 


The representation of e by the infinite series 


err ee tl 
e=1+ Poet git De al 
nS 


provides a more efficient method of calculating approximate values for e 
1 n 
than the equation e = lim (1 + — | . This is illustrated by the following 
noo n 
table of approximate values for e = 2.718 281 82845.... 


n 1 2 3 4 5 
(l+1/n)"|2 2.25 237 2.44 2.49 


2 2.50 2.67 2.71 2.717 


1 1 
S, =1+4+14 z H- +—, n=1,2,..., 


converges to e. The difference between e and spn is given by 
1 1 1 


mT aD GFR Gray 


1 1 1 
=a an eana) 


1 1 1 
go ih ee es |. 
l tatl mrp ) 


The inequality above holds because each term inside the large brackets has 
been replaced by a larger term. The resulting expression is a geometric 
series with first term 1 and common ratio 1/(n + 1), so its sum is 


1 _ n+l 
1—1/(n+1) n 
Hence 
o<e-s< po x MEO xe, for n= 1 2 sss (20) 


Thus the difference between e and sp is extremely small when n is large. 


Inequality (20) can also be used to show that e is irrational. 


Theorem D38 


The number e is irrational. 


Proof We use proof by contradiction. Suppose that e = m/n, where m 
and n are positive integers. Then, by inequality (20), for this particular 
integer n we have 


1 1 
0< e— Sn <— xXx- , 
n! n 


so 
1 
0 < n!(e— sn) < =. 
n 


Since we are assuming that e = m/n, we have 


m 1 1 1 
O<nl{/——-—[{14+1+-—4+.--.-4— < —. 
n 2! n! n 


But the middle expression in this pair of inequalities is an integer, as you 
can check by multiplying it out, so we have found an integer which lies 
strictly between 0 and 1, since 1/n < 1 for n = 1,2,.... This is impossible, 
so e is not rational. o 
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Leonhard Euler in 1737 was the first to prove that e is irrational, 
although his proof, which used continued fractions, was not published 
until 1744. The first proof by contradiction is due to the French 
mathematician Joseph Fourier (1768-1830). It appeared in a 
collection of mathematical results published in 1815 by Fourier’s 
compatriot, Janot de Stainville (1783-1828). 


4.3 A fundamental property of e” 


We complete this section by showing that the function f(x) = e” satisfies 
one of the Index Laws which we stated in Unit D1. If you are short of 
time, then you may prefer to skim read the proof of this result. 


Theorem D39 


For any real numbers x and y, we have e*T¥ = e” e”. 


Proof First we prove the special case where x and y are both positive. 
We have 
2 3 
z Loe i 
e =1+r+ z] + 3] T 
and 
2 2 


y pY 
Yy — 2 2 
Ca ay ta 


The following table contains some of the terms which occur when we 
multiply together partial sums of the power series for e” and e”. 


i yoy? 

Y 2l 3] 

2 3 

y y 

ry? ry? 
g = TY or OBL 
2 r? xy xy? xy? 
gq} af af 221 213! 
r3 r3 xy xy? gy? 
31| 31 31 321 33! 


Adding the terms on the ‘lower left to upper right’ diagonals of the table 
gives: 


1 
THY 

2 2 2 

y? _ (ey) 

ot tet oF J| 

z gy ry yo (ety) 

3! 2! 2! 3! 3! 

gh gn xyr! n r+ n 
or EOY paag ty) 
n! (n-1)! (n=1)! n! n! 


For any positive integer n, the product 


n k n k n n 
(=) ( fr) (reret E) (epee) 
k! k! n! n! 
k=0 k=0 


includes all the terms in the first n + 1 diagonals of the table up to the 
nm 


z 
diagonal beginning —; moreover, all the terms of the product are included 
n! 
TL TL 


g 
in the first 2n + 1 diagonals up to the diagonal containing 2 
nin 
2n 
x 


(Qn)! 


Since x and y are non-negative, it follows that 


(a y" 2 z+y)Ă 
oat (Ee) (Ee) se 


, which 


begins 


k=0 
But 
n 2n 
: (x =F y) — px@+y : (x ae y)" — a 
peg A a a 


Thus, by the Squeeze Rule and the Product Rule, we deduce that 


i 2 2 | = petty 
n> > =| (> F) a 
k=0 

as required. 

If x and y are not both positive, then we can verify the equation 
eveY = et TY 

by rearranging it so that all the powers are positive (using e” = (e~”)~!) 

and applying the special case just proved. For example, if x > y > 0, then 
ee” = eY 


is equivalent to 
e? =e” Ye, 


which is true, since x — y > 0 and y > 0. E 
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Summary 


In this unit you have studied infinite series of the form }*>>°_, an. You have 
seen that such a series is said to be convergent if the sequence of partial 
sums (sn) defined by 


Sn =a, +a2 +: + an 


is convergent, and is said to be divergent otherwise. You have also learnt 
that it is important to distinguish carefully between the sequence (sn) and 
the sequence (an). The Non-null Test tells you that, if a series is 
convergent, then the corresponding sequence (an) must be null; but if you 
know that the sequence (an) is null, then this gives you no information 
about whether or not the series is convergent. 


You have met a number of tests that can be used to determine whether a 
series is convergent and a strategy to help you to work out which test is 
the most appropriate. If all the terms of a series are non-negative, then 
you may be able to use the Comparison Test or the Limit Comparison Test 
to compare with a basic series you know to be convergent or divergent; or 
you may be able to use the Ratio Test. For a series with infinitely many 
positive and negative terms, you may be able to use the Absolute 
Convergence Test or the Alternating Test. 


Finally, you have seen how we can use a particular series to define the 
exponential function e”, enabling us to prove that e is irrational and that 
e*tY¥ = e*e¥. In Book F Analysis 2 you will see how a wide range of 
functions can be defined using series when you study power series and their 
properties. 


Learning outcomes 


Learning outcomes 


After working through this unit, you should be able to: 


explain what is meant by a convergent series X >] an 

write down the sum of a convergent geometric series 

find the sums of certain telescoping series 

use the Combination Rules for convergent series 

use the Non-null Test to recognise certain divergent series 

explain why )7°°.,(1/n) is divergent and )>°°_,(1/n?) is convergent 

use the Comparison Test, the Limit Comparison Test and the Ratio Test 
recognise and use basic series 


explain the term absolutely convergent and use the Absolute 
Convergence Test 


use the Alternating Test 


use the given general strategy for determining whether a series is 
convergent or divergent 


appreciate that there are two equivalent definitions of e” 


understand how the series definition of e” enables us to prove that e is 
irrational, and that e7”+tY = ee¥. 
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Solutions to exercises 


Solution to Exercise D41 Since ((3)”) is a basic null sequence, 
(a) Using the formula for summing a finite tim Sn = 2, 
geometric series, with a = r = —, we obtain ae 

=(1 ye E E aa 

=la tia Pig) Pee ioe) D (4)” is convergent, with sum 2. 
1 1\" = 
_ teal Get-s = 
E {—(_1 You might have anticipated this result, since we 
(—3) 


proved at the beginning of Subsection 1.1 that 
=-40- H") 
4 3 7 oo 


1)? _ 
Since ((—4)”) is a basic null sequence, >, (3) E 
n=1 

ee | 

= Sn = Thus, using the fact that (4)° = 1, we have 
SO ee) lee) 

1\n 1\n 

pase | ; Soa) sisie =? 

x (—3) is convergent, with sum — 73. n=0 n=1 

n=1 . . 

. Solution to Exercise D42 
(b) In this case, 
7 3 z We have 
sn = (=1) + (=1)? + (HI) +-+- + (=1) 14 
Se i aH mga my 
1 1 1 1 2 
= Tyo" axi 2° 6 D 
—1, ifn is odd, 
oS aes it ee E E S 
a a {xd 2x3 3x4 3 2 7’ 

Hence the odd subsequence (s2ķ—1) converges to o 1 1 1 1 3 1 
—1 and the even subsequence (s2,) converges to 0. *4~ [x9 T 2x3 i 3x4 ii 4x5 4 z 20 


Thus (sn) has two convergent subsequences with ‘ . 

different limits, so by the First Subsequence Rule Solution to Exercise D43 

(see Unit D2), (sn) is divergent. It follows that the Using the given identity, we see that 

series )>>°_,(—1)” is divergent. n 
1 1 1 1 

(c) In this case, the first term in the series is ao, Sn = >a kk +2) =5 `> E ha) 

so the nth partial sum is the sum of n + 1 terms. k=1 k=1 

Using the formula for the sum of a finite geometric Thus 


series with a = 1 and r = $, and summing n + 1 1 dl 1 1 
terms, we obtain 1x3 2x4 3x5 n(n + 2) 
m=i ta +--+)" 1 1 11 1 1 

“Wa * la 4) Nr 
y\ntl1 
1(1- (4) ) 
= gf tt) fh Ts 
) ) 4 6 5 7 
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All the terms in alternate brackets cancel, except 
for the first term in each of the first two brackets 
and the second term in each of the last two 
brackets. Thus 


ifi 1 
S= T3 ntl n42)’ 


. 1 1 
Since (=) and (S 


follows that 


7 -If N3 
me Ol To) we 


) are null sequences, it 


SO 


a : j t, with 3 
———!_ 1S5 convergent, wl sum 7. 
n(n + 2) a 4 


n=l 


Solution to Exercise D44 


(oe) 
The series J (—#) is a geometric series with 
n=1 
= 3 — 3 Gj 3) — 3 
a=—y andr=—%. Since | #|= 2 < 1, the 
series is convergent, with sum 


s- 
4 

kasal 
1 


Co 
The seri ef t, with 1; 
e series >, n(n i 1 1S convergent, Wl sum 


see Subsection 1.2. Hence, by the Combination 
Rules, 


D (—3)" — = is convergent 
E n(n + 1) l 
n=1 

with sum -3 —- (2x 1) = -7, 


Solution to Exercise D45 


(—1) Hin? n2 
ea ae so that janl = m21 . 


By the Combination Rules for sequences, 


Let an = 


2 
. n ae =i 
eet «Slee 


so the sequence (an) is not null. 


Solutions to exercises 
Hence, by the Non-null Test, 


o se tin? 
> Qn? +1 


n=l 


is divergent. 


Solution to Exercise D40 


Let 
= i, J 1 
Sn = Pa ge utz 
and 
1 1 1 
in=ltotagat +c. 


The values of the first eight partial sums are given 
below to two decimal places. 


nı 2 3 4 5 6 7 8 


S, | 1 1.5 1.83 2.08 2.28 2.45 2.59 2.72 
tn | 1 1.25 1.36 1.42 146 1.49 1.51 1.53 
The sequences are plotted below. 
A 
e 
é e 
(Sn) ° 
27 e 
í (tm) o 
o 7 a 
14 o 
EF 
12345678 ” 


Solution to Exercise D47 


(a) We guess that this series is dominated by 
E (1/n?). We have 


n +n >n? >00, forn=1,2,..., 
so 
1 a 
0< — LE for = l 2k 
m+n n 


Since $2] (1/n3) is convergent, we deduce from 
the Comparison Test that 


co 
> 3 is convergent. 
n? +n 
n=1 
(b) Let 
1 
An = for m= 1,2,.... 
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We guess that the terms of this series behave like 
1/n for large n, and we know that }°°°_,(1/n) is 
divergent. We cannot compare an and 1/n directly, 
so we use the Limit Comparison Test with 


AER forn =1,2,.... 
n 
Both a, and 6, are positive and 
An 1 n 
bn nyn “T 
n 


n+yn 
1 
1+1//n 


Since X7; (1/n) is divergent, we deduce by the 
Limit Comparison Test that 


+10. 


co 


1 
5 ne is divergent. 
n=1 
(c) Let 
n+4 
mT nET forn = 1,2,.... 


We guess that the terms of this series behave like 
n/n? = 1/n? for large n, and we know that 
SL (1/n?) is convergent. We cannot compare an 
and 1/n? directly, so we use the Limit Comparison 
Test with 


1 
bn =, 
nm n2 


forn =]; 2k 
Both a, and 6, are positive and 


an n+4 2 
bn 2nF—n4+1 


1+4/n 1 
ee ei, 
2—1/n2+1/n3 2 i 
Since $2] (1/n?) is convergent, we deduce by the 
Limit Comparison Test that 


oe) 


y n+4 : A 
—,——~ is convergent. 
2n3 —n+1 8 

n=l 
(d) We guess that this series is dominated by 
5 (1/n3). Indeed, since 


0 < cos?(2n) < 1, forn=1,2,..., 
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we have 
2 
2 1 
se AAT cs 
n n 


Since $] (1/n3) is convergent, we deduce by the 
Comparison Test that 


3 cos?(2n) 
n3 


n=1 


is convergent. 


Solution to Exercise D48 
(a) Let 


—, n=1,2,.... 
Then a, is positive and 


Qn41 (n+18} n! 
= x 
ün (n+1)! nè 
E (n+ 1)3 
~ (n+1)n3 
n?+2n+1 1 2 1 


ee ee, 
n3 n n2? nè 


Hence, by the Combination Rules for sequences, 
An+1 
an, 
Thus, by the Ratio Test, 
(oe) n3 ; 
ip — is convergent. 
n! 


n=1 


(b) Let 


>O0 asn > oœ. 


5 N= [2an 


Then a, is positive and 


o (n+1)?2"+1 < n! 
an — (n1)! n?2n 


Hence, by the Combination Rules for sequences, 


An+1 


An+1 
an 


Thus, by the Ratio Test, 


n! 
n=1 


>O0 as n > oœ. 


is convergent. 


Solutions to exercises 


Let “1, as 
(c) Le as (c) >. aap isa basic divergent series of type (e), 
n): n=1 
are Ty Des aa with p= 2. 
Then a, is positive and 


[0,6] 
n 
(d) — is a basic convergent series of type (c), 
anı Q(n+1))! X n” 2 ae 


= n=1 
an (n+1)r+! (2n)! with p = 1 and c = Z. 
_ (2n+2)!n” % 
~ (n+1)+ (2n)! (e) 2, T is a basic convergent series of type (b), 
_ (2n +2) (2n + 1)n” o nl 
= ~ p nyA with c = . 


— 2(2n+1)n™  4n+2 : , 
“mar (eine Solution to Exercise D50 


Now (a) Let 
f ( 1)” tin 

lim (1+1/n)"=e and tim es 0, an mal V 
so ((1+1/n)"/(4n + 2)) is null, by the Product Then 
Rule. i= TA for n = 1,2, 
We deduce by the Reciprocal Rule that + 

Angi Now 

P => oœ asn—> oo; ii m 

n i ae forn =1,2,..., 


see Subsection 4.3 of Unit D2. 
Hence, by the Ratio Test, 


OO 
2n)! 

J vy is divergent. 
nr 


n=1 


ivel hat 
Alternatively mate ae By the Absolute Convergence Test, it follows that 


| _ 
(2m)! > (=) (= =) = (=) (ayy 
n n n n > > is convergent. 


3 
si =m n? +1 


and X% (1/n?) is a basic convergent series. 
Hence, by the Comparison Test, 


X n 
is convergent. 
>, n3 +1 

n= 


OO 
oy by The Nonm Teat, (b) If we write this series as i an, then 


OO 
2n)! n=0 
5 n is divergent.) 
n” 


1 
n=1 lan] = oa for n = 0,1,2,.... 
Solution to Exercise D49 Since 7°? _9(1/2") is a basic convergent series, it 
© on follows from the Absolute Convergence Test that 
(a) > T is a basic convergent series of type (d), 00 
ape . `> an is convergent. 
with c = 


n=0 


[oe] 
1 
b —, is a basi t series of 
(b) J -zyz ÍS a basic convergent series o 
n= 


type (a), with p = 3. 
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Solution to Exercise D51 
If we write the series as ) 7} an, then 
1 
lanl = oa? for n = 1,2,.... 


Since } 7; (1/2”) is a basic convergent 
(geometric) series, it follows from the Absolute 
Convergence Test that X7] an is convergent. 


By the infinite form of the Triangle Inequality, we 


have 
Co co Co 
1 1/2 
Soan si lel Oe 1-1/2 = 
n=1 n=1 n=1 


(a) Let 
=i n+l 
an = ( i y forn=1,2,.... 
n 
Then an = (—1)"*1b,, where 
1 
bn = PETET forn =1,2,.... 
n 
Now 


lbn > 0, form = 1,2,.-. 
2. (bn) is a basic null sequence 
3. (bn) is decreasing, because (1/bn) = (nt) is 


increasing. 
Hence, by the Alternating Test, 
3 (=i? 
-———— is convergent. 
m/s 
(b) Let 
(—1)"*1 
Ce a cag foe forn=1,2,.... 
Then a, = (—1)"*1b,, where 
bn = : f =l2 
= Se or w= 1,2). 20 
Now 


1. by, > 0, for n = 1,2,... 
2. (bn) is a null sequence by the Squeeze Rule, 


since 


0< l m- f =1,2 
Sani = or w= 1,2).2%. 
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3. (bn) is decreasing, because (1/b,) = (n + n!/?) 
is increasing. 
Hence, by the Alternating Test, 


asd (=1 n+l 


> ——— is convergent. 
1/2 
L any 
(c) Let 
—1 n+l 
An = ( ae forn = 1,2,.... 
n 
Then 


an| = = 1 40 
"S nra 14+2/n i 


Hence, by the Non-null Test, 


OO 

Í n+1 
> an is divergent. 
n=l eo 


(Notice that if you try to apply the Alternating 
Test here, by writing an = (—1)"t'b,, where 
n 
bn = aD? forn =1,2,..., 
then you find that (bn) is not null, so the 
Alternating Test cannot be used. Indeed, the series 


X>] an is divergent, as the Non-null Test shows.) 


Solution to Exercise D53 


(a) We have 

nt 2 en (QP + (@)", for n= 1,2... 
Now 

So n(3)" and DG” 

n=1 n=1 


are both basic convergent series. Thus, by the 
Combination Rules for series, 


X 5n + 2” . 
iD zn is convergent. 
n=1 


(b) We guess that the terms of the series behave 
like 1/n° for large n, so we use the Limit 
Comparison Test with 

3 


——., forn=1,2,... 
2n — 1 


an = 


and 


bn =1fn?, forn=1,2,.... 


Both a, and b, are positive and 


An 3 o 
b, 2n?—-1° 1 
3n3 3 3 
= —_ = > 0. 
2n3—1 2-—1/n3 3” 


Since 5>°°_,(1/n3) is a basic convergent series, we 
deduce from the Limit Comparison Test that 


oO 


3 . 

» | is convergent. 
(c) We use the Alternating Test. 
Let 

—1)”+1 
= —— forn =1,2,.... 

Then a, = (—1)"*'b,, where 

bn = er forn =1,2,.... 

nlog(n + 1) 

Now 


1. b, > 0, forn = 1,2,... 
2. (bn) is a null sequence, by the Squeeze Rule, 


since 
0< : < l 
~ nlog(n+1) 7 
3. (bn) is decreasing, because 
(1/bn) = (nlog(n + 1)) is increasing. 
Hence, by the Alternating Test, 
(yet 


2 nlog(n + 1) 


nlog 2’ 


is convergent. 


m=] 
(d) Let 
= n+ln2 
= ( Dan , forn=1,2,.... 
Then 
n? 1 
= —— = —— 5 -1F 0. 
eal ead Irma 
Hence, by the Non-null Test, 
[0,6] 
DS an is divergent. 
n=1 
(e) Let 
—1)"t1y 
An = ee forn=1,2,.... 


forn =1,2,... 


Solutions to exerc 
Then 
eal = 2 , forns 1,2.. 
3+5 
Thus 
n 1 
< — = —, f eh) eee 
|an| == n3 m2? or n 94) 


Since X` (1/n?) is a basic convergent series, we 
deduce by the Comparison Test that 


oe) 


> |a,| is convergent. 


n=l 


Hence, by the Absolute Convergence Test, 


> (—1)"t!n 
ne +5 


is convergent. 


n=1 
(f) Let 
gn 
an= -5; forn=1,2,.... 
n 


Then a, is positive and 


1 nê 

= 

an 2 , 
since (n°/2") is a basic null sequence. So, by the 
Reciprocal Rule, an — oo. Hence, by the Non-null 
Test, 


OO gn 

J — is divergent. 
n 

n=l 


ises 
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